Question 1(a)

Evaluate (2 + 1/3i)".

Solution:

To solve (2 + 4/3i)7, let's convert 2"+ +/3i into polar form:

1. Calculate the modulus #ef2 + 1/3i:

T2/22 + (V32 =vIF 3 =7

2. Calculate the argument 6

8 = t.*—j.ll_l ﬁ — E
2 3



So, we can rewrite 2 + /31 as /7 (EDE % 4 2 81n %)

Using De Moivre's theorem:

(2+ V/3i)7 = («ﬁ) (cos (7 %) +isin (7 g))

3. Simplify the modulus and argument:

|-.J
I
I
|
b
=
_|_
I
|
w |
.
=
3
€8
b
=~
-
>
=k
=
H
=
g
=
0
=



T
= (sinee 27 is a full rotation)

Therefore,

(2+V3i) = Ros 7 +isin 7 )

5 !-E—i 4 E—L"_"
Using cos 3 = 5 and sin 3 = %57




Question 1(b)

Let 21, z2 be two complex numbers, then prove that |z + 23| < |z1| + |23].

Solution:

This is the triangle inequality for complex numbers.

let z; = a + bi and 2y = ¢ + di, where a, b, ¢, d are real numbers.

Then:

21| SN+ ¥ and |z| =vE+ 4P

21 + 2[5 J[& + ¢) + (b + d)i| = V/(a + ¢)% + (b + d)?
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Using the triangle inequality in Euclidean space:

%’ z2| < |21| + |22
§

Thus, |21 + 22| < |31@3| is proven.
)



Question 2(a)

Show that (p — q) \V (g — p) is a tautology:

Solution:

We need to show that (p — q)%.(q - p) is always true regardless of the truth

values of p and q.
Using the definition of implication:
P — g is equivalent to —p V g

g — pis equivalent to g V p



A

(p—=q)V(g—p)=(pVa)V(yqVp)

Constructing the truth table for all possible val@ﬁand q:

‘p ¢ -p —q pog (p—qVig—p)
T T F F T ‘\ T

i F F T F : T

F T T F T F T

F F T T : il T
Since (p — q) V (g — @JE in all cases, it is a tautology.
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Question 2(b)

Show that (7, +) is an abelian group.

Solution:

To prove that (Z, +) is an abelian group; we need to check four properties:
1. Closure: Forany a,b € Z, a + be 7
2. Associativity: Forany a,b,c € %, (a +b) + c=a+ (b+ ¢).

3. Identity Element: The identity element for addition in Z. is 0, sincea + 0 = a
forany a € Z.

4. Inverse Element: Foranya € Z, there exists an element —a € Z such that
a+ (—a) =0,
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5. Commutativity: For any a, ‘a+b=b+a.

Since all five conditions a@d (Z,+) is an abelian group.
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Question 3(a)
Solve the equation v/ + 27 = 2 + /x —.T.

Solution:

1. Start with the given equation:

WIS 2T =24+ —T

2. Move v/ x — T to the left'side to isolate one of the square roots:

vea+2T— vz —-T=2

3. Square both sidesto.eliminate the square roots:

(V2427 =z =T =22



Expanding the left side using the formula (@ —b)%= a? — 2ab + b*:

(x+27) =2/ (z+2N)(d - F) +(z - 7) = 4

Simplify further:

2z + 20 24/ (@ 27)(z — 7) = 4

4. Move 2x + 20 to the right side:

—2/(z% 27T)(z — 7) =4 — 2z — 20

Simplify further:

2/ (z+27)(z —7) = —2z — 16



5. Divide by —2 on both sides:

V(z+27)(z — D=z + 8

6. Square both sides again to eliminate the square root:

(z + 27) (7™ T = (z + 8)°

Expanding both sides:

2 + 272 Tz — 189 = 22 + 16z + 64

Simplify:

7% 90z — 189 = 2% 4+ 16z + 64



Cancel 2 from both sides:

20 — 189 = 16x + 64
7. Move 16z to the left side:

4o — 253
8. Divide by 4:

—253—6'32'3
=y — L

So, the solution to the equation is:

r = 03.2b



Question 3(b)

Solve for z in the equation (100)3**! = (L)I

1000

Solution:

1. Rewrite both sides with a common basesNotethat 100 = 102 and -+ =

1000
10_3, SO

2. Apply the power of a power rule (@™ )" = a™™:
3. Simplify the exponents:

1[}‘31’4‘2 i 10—3.1“



4. Since the bases are the same, set the expﬂnero | to each other:

5. Move 3z to the left side: »

.
6. Divide by 9: (D. 2
S

So, the solution to the eb%:
r=—-
\\} ’
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Question 4(a)

Solve the system of equations:
22+ ylm5
y = BN (

Solution:

1. Substitute y = 3z — 7 into the first equation:

&+ (3z-7)°=5
2. Expand (3z — 7)%

z2 + (922 — 42z +49) =5



3. Combine terms:

102> — 427 £49 = 5

4. Move 5 to the left side:

10£° 5422 + 44 = 0
5. Divide through by 2:

5r° — 21z +22 =0

6. Solve this quadratie.equation using the quadratic formula:

i T ERY GV I T
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21:|:\/441—®®

T
10
21 :I:Q
= "
S = % =R A= % = 2.@
7. Substitute z = 2.2 and z =« toy =3z — 7 tofind y:

s Hx=20 A\
@g.z) ST

@yzi}(?}—'f:ﬁ— .

i =2



So, the solutions are:



Question 4(b)
Solve 6z° + z* — 43z% — 4322 + z +6.=0.

1. Testing for Rational Roots:
Possible rational roots are +1,%2,4-3, 46, J_%, _L%, J_%, _L%: J_%.
2. Using Synthetic Division witha = 2:

After trying, we find & =-2.is.a root. Perform synthetic division on 6z +
zt — 4323 — 4322 £ % 6by z — 2:



»
S0, we get: §
6z° + ! — 432> — 43z° + :'% (z — 2)(6z* + 132> — 17z* — 77z — 153)

3. Factor 6z* + 13z — 17 — 153 further:
Using synthetic divisio ry x = —3 and find it is a root.

2)



So; A
6z + 13z° — 1722 %—
2

153 = (z + 3)(6z° — 5z — 2z — 71)



4. Further factor 6z° — —2x — T1:

This can be factored or solved with num@methnds but for now, we find

approximate roots or leave as a fact@

Thus:

6z°> + z* — 43z® — 43z% + (3: — 2)(z + 3)(6z® — 5x? — 2z — 71)
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Resolve into partial fractions:

4z + 162+ 7
(z2 + 3)3

1. Set up Partial Fraction Decomposition:

4z + 16z + 7 Az B . Cz+ D 5 Ez+ F
(22 +3)3 sz 3% (22+3)2  (z2+3)3
2. Multiply both sides by (2 + 3)*:

4z® + 16z + 7 = (Az + B)(z* + 3)* + (Cz + D)(z* + 3) + (Ex + F)

3. Expand and collect terms:

Expanding (Az + B) (@24 3)? and (Cz + D)(z? + 3) gives:
o (Az + B)(r%+3)? = Az® + 6Az® + 9Az + Bz' + 6Bz? + 9B



e (Cz+ D)(z?+3)=Cz*+3Cz + B2%+ 3D

Combining all terms:

4z® + 16z + 7 = Az’ + Bz + (644 C)z* + (6B + D)z* + (9A + 3

4. Set up equations by comparing.coefficients: For each power of x, match

coefficients on both sides:
¢« Forz>:A=0
Forzy: B=0

For z3: 6 A + OO

Forz2: 6B 1D = 4

Forz:94 +3C + E = 16



» Constantterm: 98B + 3D + F =7
5. Solve these equations for A,'B, ¢, D, E, and F":

Substitute and solve, leading towspecific values for these constants.



Step-by-Step Solution:
1. From Equation 1, we get:
A=0
2. Substitute A = 0 into Equation 3:
60 €=0=C=0
3. Substitute B = 0 from Equation 2 into Equation 4:
6(0)+D=4= D=4

4. Substitute A = 0 and € = 0 into Equation 5:

9(0) + 3(0) + E =16 = E = 16



5. Substitute B = 0 and D = 4 into Equation 6:

90) +34)+ F=7=>1 R=7=F=7-12= -5

Solution for Constants

The values of the constants are:

A=0, B=0,™0, D=4, E=16, F=-5

Final Partial Fraction-Decomposition

Substitute these values'back into the partial fraction decomposition:

4m2—|—161:+7_0-:1:—|—0+U*m—|—4+16-.’r—5
@232  22+3  (22+3)2 (22 +3)°
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Simplifying, we get: @ )

4z* + fb’r 4 16z — 5

@ T @132 (I

This is the final answr the partial fraction decomposition.
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